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How to solve a quantum graph

H@%(Sm’fi) — ENCb?jV(Si,Ti) At Vz‘,z‘+1; G’ﬁv — 71:\}'_1; a¢§v — 3@’53\}'—1
Union of Cb?z:v(sz‘,ﬂ:) = Yn(z,y) fsec(En; Liy0;)) =0 = Ey
e Eigenstates and eigenvalues

Hin(z,y) = EnYn(z,y) e Complete and orthonormal
e “A solved graph”



Monte Carlo simulation for NLO of quantum graphs

Select & connect vertices, solve for edge functions Hgbﬁv (sz-, 7'@-) = FEn gb}v (Si, ’Ti)
and energies

Calculate transition moments in graph’s frame TNM = ;/idsf r(si)On (5i) P (si)
. . .re P. ,TOn nm ! mo
Calculate the first hyperpolarizability tensor {3, Bijr = —.5e’ zjkz i3
nO m0
h\" [ N3/
Normalize to the fundamental limit Bmaz = 3'/* (\ja) (Em) — 1< B = 66 <1
10 maxr

Which orientation of the graph has the largest 3, , in the lab frame?

XXX

How does f3,,, change as the graph is rotated?

XXX

How does this change depend upon the shape of the graph?



Monte Carlo simulation for NLO of quantum graphs

Select & connect vertices, solve for edge functions ~ H¢' (s;,7;) = End’ (s, Ti)
and energies

Calculate transition moments in graph’s frame TNM = ;/idsf r(si)oN ()P (i)
. . .pe ,TOnrnm m0
Calculate the first hyperpolarizability tensor {3, Bijr = —.5e szkz ~Eoo
m
. .. h N3/2
Normalize to the fundamental limit Brnaz = 314 (= — | — “1<Bm= S
vm/) \ Ell B
10 maxr
Calculate the angle that gives the max value of Bowe(0) = Buww c08® 0 + 3By cos® Osin
B,. in the lab frame, and rotate to that frame + 3By, cosOsin 6 + By, sin® 0
Calculate the invariant tensor norm to find 8| = \/ﬁ 1382 1352 42
the allowable extreme values of the topology e Ty e yvy




Rotation group (2D example)

Length-preserving, unitary spatial transformations

r— 7 = R(@)F ’I“,E = Rijrj

R(6) — [cos@ sme}

—sinf cosé@

R(O)RT(0) =1 and R(O)R™'(H) =1

Group property

| cosf; sinb, | cosfly  sinf,
It R(61) = [— sinf; cos 91] and R(62) = [ sinfls  cos @y
then
ROy +0,) — [ cos By cosfy —sinfysinfy  sin by cosfy + cos by sin b
1 2/ = | —sinf cosfy — cosfysinfy  cos by cos by — sin b sin by

[ COS(91 + 92) Sin(91 + 92)
|—sin(0; +62) cos(6y + 02)

= R(01)R(02)



Cartesian tensor transformations

Definition of an Nth rank Cartesian tensor:

/

’Ll’ig...’in

Each index ‘rotates’ like a vector

But rotation group has the property that:

R'R =1 = det(R)det(R") = det(R)> = 1 = det(R) = %1

Det(R) = 1 for special orthogonal group of rotations SO(N)
Det(R) = -1 for inversions

R (0) =R 1) = Ry = Rj—; = Rij R, = R;Rik = 81

So the length of a vector is preserved

A A —1 =L
T =rr, = Rz’jTjRikfrk = RJ,L Rf,;k’f’ka = (5jk7"j7"k; =7r-r



Contraction and reduction of tensors

Definition of an Nth rank Cartesian tensor:

/
Til’ig...?:n — T — Riljl R@232RZanT3132jn

’Ll?:Q .. .’in
. _ _1

Reduction of Nth rank tensor to (N-1)th rank tensor:

Livig. i, Us, = Wilig 4,
/
W’ilig...in_l — W — Rillei2j2"'Rin—ljn—1Wj1j2--'jn—1

Zlig...in_l

=

Tensor norms are invariant (for any rank):

/ /

Tilig...inTilig...in — Rilleiz,’iz"'Rinjnlejz---jnRilklRi2/€2"'RinknTk1k2---kn
= (Riyjs Risky ) (Rin g Rikn ) T Thii ko e

= Tk ko Lkiky. k, = inVAriant



Nonlinear optics: Polarizability tensors

Optical fields E(®)

On, near, off resonance
Multilevel transitions
“Light-by-light control”

Eigenstates | N> and energies E,
Transition moments <M |rk| N> etc
AEyw » Al'yy

Nonlinear response to E(®)

P, = Ozf,;jEj -+ ,Br,;jkEjEk + ’)/f,;jklEjEkEl + ...

o = polarizability
tensor

birefringence
Snell’s law

B = first
hyperpolarizability
tensor

2" harmonic gen
EO effect

Y = second
hyperpolarizability
tensor

e phase conjugation
optical bistability
3" harmonic gen



Off-resonance tensors: Direct products of vectors

3
e / 1 L . . , , .
— = k =k k = J rd
Bijk = — 5 E BB (rgnrﬁ,’mrmo + T0nTnmTmo T TonTnmTmo T h.c) 3" rank Cartesian tensor
n m
n,m

h\* [ N3/2 3
mar — 31/4 ‘ —1< int = “ <1
B ( V m ET/Q —> - ﬁ ! ﬁma:r o

10

=] wk Ll i opd ekl
' TonT e T T OnT 0T 0m ' mo .
Yijkt = (1/6) Piji E E” %” mé 0 _ E ”E"EO Em - 4th rank Cartesian tensor
nom.l n04~m04~10 nm n0+H~m0

etnt N? ~y
'Ymam:4(m2 ) (E—?O) S _1/4S'Yint5 - <1

Both tensors transform as products of vectors under the rotation group



Hyperpolarizability tensor norms (2D graphs)

Full contraction produces an invariant sum of eight independent components

|5|2 = ﬁijkﬁijk 51|2 — (RilemRknﬁlmn) (Ripquerﬁpqr)
— (RilR?lp)(ijqu)(Rkanr)ﬁlmanqr
— 5lp5mq5nr/6lmn6pqr

= BpgrBrgr = |87 = invariant

ngk — RilemRkn/Blmn

2 __

Full permutation symmetry reduces # independent components to four

;Bscxy — ﬁmym — 63;%:1: a’nd 6yyw — Bymy — Bmyy = |/8|2 :Ugjgj + 365333:9' —I_ Sﬁyyg_r; + Byyy

|6\ \/6xxx -+ 3ﬁmy + 353;% 4+ Byyy Tensor norn.1 (invariant

under rotations of graph)



Frame transformation

Cartesian tensor transformation law

/
Tiiig. i, — T = R j, Rigjo- L, 5, L1 5o

7’12"2"'2.’”,

Ry1(0) Ry (6) Reon (6) Bimn

RyzRiwRewfrra + Row Rox Ry Oray + Rux Ruy RuaBrye + Ray Rex ReaByza
Ryo ReyRayBryy + ReyRaw ReyByzy + Ray Ray Rew Byyz + Ry Ray RayByyy
cos” 0B,4s + cos? O sin 0(Brzy + Boyzs + Byzs)

4+ cos @ sin® O(Bryy + Byyz + Byzy) + sin® 05y

_|_

Full permutation symmetry reduces # independent components to four

Brwe(0) = €08 08,00 + 3cos? 08in 6B,y + 3coslsin® 5,,, + sin® 63
y Yy Yyy



Summarizing, for 15t hyperpolarizability...

3

e !/ ]_ . _— . . . . rd
6ijk — __Z (Tg)nrgszr?ijzﬂ + T(z)nrflmrgno + Tgnrgmrgno + h.c FU"y Symmetrlc 3 rank

2 nom EnOEmO

Brzz(0) = Bugx cos® 0 + 3Bz cos® O sin 0
+  3Bayy cosl sin? 0 + Byyy sin® 6

Bl = \/Bus + 382, + 382, + B2y,

N

eh \° [ N3/2
Brmaz = 31/4 (—) ( ) — =1 < Bint =

7/2
Eib

Cartesian tensor

Four independent
components relating lab
and graph frames

Tensor norm (invariant
under rotations of graph)

Normalization for scale-
invariant calculations



Summarizing, for 2nd hyperpolarizability...

i =i =kl i d kLl
o0 = (1/6) P ’TOnTnmrrmlrlO ,TOTLrnOTOmrmO
/YZJM _( / ) igkl E E E o E2 E
n0L=m0+~10 nom n0+H=mo0

n,m,l

Yezze(0) = Vewwe €08* 0 + 47ppzy cos® Osin f
6y COS” 08in° O + 4, coOs O sin® 0

_I_
+  Yyyyy sin* 0

|’Y| — \/’Y:%a::cx + 473:3:3:3/ + 6%%wyy T AYayyy + f}ﬁyyy

etn? N? vy
F)/ma:c—él(mQ ) (E%O) — _1/4§’ant5 . Sl

Fully symmetric 4t rank
Cartesian tensor

Five independent
components relating lab
and graph frames

Tensor norm (invariant
under rotations of graph)

Normalization for scale-
invariant calculations



Application: Tensor norms for triangle quantum
graphs

0.100 : . . 0.15
0.101
= =
0.051
3
4s
4
- : 0.00 : : : : —
-0.08 -0.04 0.00 0.04 0.08 -0.15 -0.10 -0.05 0.00

YXXXX

 3-sided loop is highly constrained and has B,,, << |B|
* Additional degrees of freedom open up ranges of hyperpolarizabilities

* There is no obvious shape information in these plots



Extracting shape information from tensor norms

(NOTE: |B| and |y| below are both normalized to unity)

1.0 s T T O 'J. ;m 1.0
L .k PR __:. "
A 0.8¢ . e o :'- "'_. -.: .-':'.' ‘?'-: 08l
= = ee, 2l
| & ©REw : » open
0.6- 06
| * closed : i * closed * g
= o4l o isosceles ” i f8ll = o4/ e isosceles .
15 : 0.2}
0.01 0.1 1 0.01 0.1 1

* For triangle loops, norms vs area-to-perimeter ratios yield shape info
e Closed-loop triangles have maximum || when they are ~ equilateral

* Not very satisfying view of the impact of shape on tensor properties

But we still need a general way to relate shape to response



Rotations in guantum mechanics

Angular momentum J generates rotations

1ed - n

h
v — U(RQ)U(Rl)\I’ = U(RgRl)\I’ = U(RQ)U(Rl) == U(Rle)

U0 =UR)V U(R) =1+

How do vector operators V rotate? V could be x, p, L, etc.

/

v; = Ri;v;  where U =<U|V|U > Complex numbers, not operators

SO

< U V|0 >=< U|U(R™H|V,|UR)|¥ >= R;; < U|V,|T >

SO

U Y (R)V,UR) = Z R;jV; orequivalently, U(R)V, U '(R) = Z R;;V;
g J

Generalizing, we get for an nth rank Cartesian tensor operator

U(R)Ti,i.0, U (R) = > RjiyRjpin-Rji, Tjrjsin

J1,J2:Jn



Commutation relations among rotation generators
and operators

Action of rotations on vector operator

1edJ - n

h

UM (R)VU(R) =) R;V; where  U(R) =1+
J

(1 —€2/2 € 0]
e.g., for a rotation about z-axis:  R(¢) ~ —€ 1—€2/2 0
0 0 1
S0
'V, | 'V, +eVy,
(1 = Z?) v, (1 + “;z) — |V, — €V,
V.| V.
so [Vi,J;] =1€;;x Vi orequivalently, [J;, V] =161 Vi

Action of rotations on tensor operator U1 (R)Ti;U(R) = Z RixR;ji' Tk
kl



Representations

Definition of an Nth rank Cartesian tensor:

/
Tivig.ii = L. i = Riyjy RiggoRi 5. i o i

In general, Cartesian tensors are reducible:

Uu.-v UV, — U;V; uv:+U;V;, U-V
Tij=—5—0i5 + —— +( P Y 5@3’)

scalar under antisymmetric symmetric &
rotations under traceless under
rotations

rotations

1QR1=0p16p2 Irreducible subsets transform among themselves

[2(1)+1][2(1)+1] = [2(0)+1] + [2(1)+1] + [2(2)+1]

Looks like the multiplicities for addition of two J=1 angular momentum states!



Addition of angular momenta

Addition of angular momenta

mi1=+j1 ma=+j2
J1J20m >= Z Z < gimijame|jijegm > [jimijama >

mi=—71 Ma=—72

Clebsch-Gordan coefficients

171 — J2| <5 < |7+ j2 m = mj + my
Direct product of two kets has a scalar, axial vector, and traceless tensor component

j1:1,j2:1:>j:0,1,2

1Q1=0P1P2

This is identical to the irreducible representation of rotation
group for 2" rank tensor!



Spherical tensors: Irreducible reps of SO(3) that
transform like angular momenta

Spherical tensor operator

q qq’ q qq’
q'=—k

J.,T¥] = hgTM -

[ » - g ] q q D(R):l ZEJhn
3, TP =/ (kF o) (k£q+ DT,

Cartesian tensor operator
1ed - n
“YR)V,U(R ZRUV U(R) =1+ —

[Ji: VJ] = zeijka



Example: Rank k=1 spherical tensors for 15t rank
Cartesian tensor (ie, a vector)

Define spherical components T The explicit expansion is:
of a vector operator V

with 1J;, V| = 1€, Vi

——————————————————————————————

’ N

~

Then T is a rank 1 spherical tensor:

,' 11> |10> |1—1> 1

(1] — gD | 1 g - |
J., T’ = hqT, =<33 -7 0 73 |
<l | s 0 A

e T =V F U £q+ DT, (<2 LO 1 0] |

——————————————————————————————



Example: Rank k=2 spherical tensors for 2" rank
Cartesian tensor

u.-v U v, —U,;V; uv,+U;vV, U-V
Tij:—5ij‘|‘ L J J Z—l— L J J Z——(Sij
3 2 2 3
scalar under antisymmetric symmetric &
rotations under traceless under 1 ® 1=0 EB 1 @ 2
rotations rotations
Define rank 1 spherical components Then the J=0,1, 2 spherical tensors are:
of Uand V
Uy =U Uyl = q:UxizUy (0) U-V UV +U Vi — UV
Ve 1V,
Vo=V, Vii=7F /2 () _ (U x V),
q ,L\/§
[Ji, UJ] = zeiijk [Ju Vj] = ’LEijka ng) _ U:i:lvztl
7@ _ Us1Vo + UoVig
3., 1] = Ty . V2
7@ _ Ui Vo + 200V + U1V
’ V6

T, TV =0/ (A F (1 £ g+ DT,



Cartesian to spherical tensor conversion

First, convert each Cartesian component to its reducible spherical form for J=1

T’ =< i1|lmy >< is|lmg > .. < in|lm, > T,

mi1mso.. Mpy 1112...1n

Then form the irreducible spherical tensors by adding angular momenta

1 1
T]L\Zf — Z Z < lmllmglanM > T’rbrfblmz..mn

mi=—1 My ——

The final form is a direct transformation from Cartesian space to an irreducible
angular momentum defined by J

Tip= Y <ivig.in|JM > T,

(LliZ-'.'érn
11%2..%n

Explicit calculation reduces to repeated addition of angular momenta



Spherical tensors for fully symmetric 34 and 4th
rank Cartesian tensors

; 3
=y P Shi = V(3/10) [E(Boss + Bayy) + UByyy + Bazy)]
} ISY?I:l — \/(3/40) [:l:(ﬁat:m: + Bmyy) + Z(/Byyy + mey)]
- Stz = V(1/8) [£(—PBewa + 3Buryy) + U Byyy — 3Buay)]
g = 59,
EE .
81 = /B 3020, + 383, + B3 _
4
— J|2 T(S) = V(1/5) ez + 2Vaezyy + Yyyyy]
|fY| \ ; h/ | TO2 vV (1/7) [Vazez + 2Vzeyy + Tyyyyl
TiQ \/(3/14) [(_’Ym::c:r + ’Yyyyy) + 22(’Y:rm:ny + meyy)]
J 51 - \/(9/280) [’Y:rm:mc + 2793339:9! + 'Yyyyy]
fYJ ) \ M—2_J |TKII|2 TiZ = /(1/28) [(_%m::m + ’Yyyyy) + 21(’erm:cy + '7$yyy)]
- Tty = V(1/4) [(Vewaa — 6Vazyy + Vyyyy) T 4(Vazay — Yayyy)]




Spherical tensors for triangle quantum graphs
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